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Instructions:

Part 1

e The following problems are intended to probe your understanding of basic phys-
ical principles. When answering each question, indicate the principles being
applied and any approximations required to arrive at your solution. If infor-
mation you need is not given, you may define a variable or make a reasonable
physical estimate, as appropriate. Your solutions will be evaluated based on
clarity of physical reasoning, clarity of presentation, and accuracy.

e Please use a new blue book for each question. Remember to write your name
and the problem number of the cover of each book.

e We suggest you read all four of the problems before beginning to work them.
You should reserve time to attempt every problem.

Fundamental constants, conversions, etc.:

Avogadro’s number Ny 6.022 x 10?3 mol~*

Boltzmann’s constant kg 1.381 x 1073 JK!

Electron charge magnitude e 1.602 x 1071 C

Gas constant R 8.314 Jmol ' K1

Planck’s constant h 6.626 x 1073* J s
h=h/2r | 1.055x 1073 Js

Speed of light in vacuum c 2.998 x 10°ms~!

Permittivity constant €0 8.854 x 10712 Fm!

Permeability constant Lo 1.257 x 107N A2

Gravitational constant G 6.674 x 107t m3kg=ts?

Standard atmospheric pressure

1 atmosphere

1.01 x 10°Nm™

Stefan-Boltzmann constant

g

567 x 107 Wm 2K

Electron rest mass

Me

9.109 x 10 3Tkg = 0.5110 MeV ¢ 2

Proton rest mass

mp

1.673 x 102"kg = 938.3 MeV ¢ 2

Origin of temperature scales

0°C=273K

1large calorie (as in nutrition)
linch

4.184kJ
2.54 cm
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Definite integrals:

/O Y ety = YT (I-1)

2
/OO e dr =T(n+1) =nl (I-2)
0
/°° Lo 1 I(n— 1) (3) 3
o @rar T )
Indefinite integrals:
/ @ —faQ)"dx = 20 1_ n) (@ —1—1012)"1 +c forn#0,1 (I-4)

I-1. A small object of mass m is moving under the influence of gravity without
friction inside a conical surface whose symmetry axis is vertical (see figure).
The half-angle at the tip of the cone is . Gravity acts parallel to the symmetry
axis of the cone. Initially, the object was at height h and its velocity was
directed horizontally. In its subsequent motion the object descends to a height
h/2 and then starts climbing back.

a) Write the equations of motion

b) Find the speed of the object at the highest vypper and lowest vjpye, point
of its trajectory

[-2. Consider a particle of mass m in one dimension, subject to a double well delta-
function potential
V(z)=—gd(x —a) —gé(x +a) .

This potential supports at least one bound state for all values of a. For what
values of a does this potential support at least two bound states?
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I-3.

4.

Two parallel conducting plates, P; and Ps, have area A and mass M. They are
separated by distance d and the plates are perpendicular to the Z axis. The
plate P, is held at ground potential and the plate P is held at electric potential
Vp, relative to the ground with the use of a battery with internal resistance R.

The plates are large enough or d is small enough so we can assume that the
electric field does not depend upon the coordinates x and y spanning the area
covered by the plates. In this problem we will look at what happens when we
suddenly change the separation of the plates.

a) Determine the capacitance between the plates for separation d at time 7
(just before the separation is changed).

Now change the separation from d to 2d during the time interval from 7 to 7.
Assume that the change is very rapid, so that no significant charge is provided
from the battery between times 7 and 7.

b) What is the instantaneous voltage across the plates and the instantaneous
current flowing into the battery at time 7.

¢) Find an expression for the voltage across the plates as a function of time
for times greater than 7.

d) How much heat is dissipated in the internal resistor of the battery between
7o and a much later time 73, as a function of Vp,, A and d?

Consider a heated sheet of aluminum of large area A and thickness L along the
Z axis. The heat flow flux K, defined as the vector power per area of the heat
flow, is proportional to the gradient of the temperature,

K =K,i+ K,j+K.2=-\VT .

The heat equation for the temperature T'(x, y, z, t) is similar to the Schrodinger’s
equation:

Assume that o and A\ are constants. We will consider solutions of the heat
equation that determine the temperature over the x and t coordinates, T'(z, t),
where the boundary conditions will be T'(0,¢) = 0 = T(L,t). (Here 70" stands
for room temperature).

a) At ¢t = 0 the sheet has an initial temperature distribution

T(x,0) = Ty <sm (%x) + %sin (%x)) ,

with T} a positive temperature. Evaluate the heat flux K, emerging from
the front and the back surfaces of the sheet (x = 0 and x = L) at time
t = 0 in terms of the constants introduced.
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b) Separating variables z and ¢t and applying boundary conditions at the
surfaces, find the set of separated solutions to the heat equation (7'(z,t) —
Qn(x)W,(t)). Each index n corresponds to a different exponential cooling
rate. The general solution would be a superposition of these solutions,
with amplitudes A,, T'(x,t) = >, A, Qn(z)W,(1).

c¢) Determine T'(z,t), including the time dependence of the temperature dis-
tribution, given the initial conditions from part a).
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Qualifying Exam for Ph.D. Candidacy
Department of Physics
October Tth, 2017

Instructions:

Part 11

e The following problems are intended to probe your understanding of basic phys-
ical principles. When answering each question, indicate the principles being
applied and any approximations required to arrive at your solution. If infor-
mation you need is not given, you may define a variable or make a reasonable
physical estimate, as appropriate. Your solutions will be evaluated based on
clarity of physical reasoning, clarity of presentation, and accuracy.

e Please use a new blue book for each question. Remember to write your name
and the problem number of the cover of each book.

e We suggest you read all four of the problems before beginning to work them.
You should reserve time to attempt every problem.

Fundamental constants, conversions, etc.:

Avogadro’s number Ny 6.022 x 10?3 mol !

Boltzmann’s constant kg 1.381 x 107 JK!

Electron charge magnitude e 1.602 x 1071 C

Gas constant R 8.314 Jmol 1 K~!

Planck’s constant h 6.626 x 1073* J s
h=h/2r 1.055 x 10734 J s

Speed of light in vacuum c 2.998 x 10°ms!

Permittivity constant €0 8.854 x 107 12Fm™!

Permeability constant Lo 1.257 x 107 N A2

Gravitational constant G 6.674 x 107" m3 kg !s?

Standard atmospheric pressure

1 atmosphere

1.01 x 10°Nm ™2

Stefan-Boltzmann constant

g

567 x 107 Wm 2 K™*

Electron rest mass

Me

9.109 x 10~% kg = 0.5110 MeV ¢ 2

Proton rest mass

mp

1.673 x 1072 kg = 938.3 MeV ¢ 2

Origin of temperature scales

0°C=273K

1large calorie (as in nutrition)
1inch

4.184kJ
2.54 cm
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Definite integrals:

/O Y ety = YT (I1-1)

2
/ 'e”dr =(n+1) =nl. (I1-2)
0
o (#*+a*)" 2a2-1 I'(n)
Indefinite integrals:
T 1 1
/ (2% + a2)”dx - 2(1 —n) (22 +a?)n! +e forn#0,1 (1-4)

IT-1. A highly relativistic proton with charge 1 and mass m, = 0.938GeV/c* has
initial momentum in the Z direction ﬁpmton = 100GeV/c z. This proton collides
elastically with a gold nucleus at rest with an impact parameter 100 fm. The
gold nucleus has been stripped of all electrons and has atomic number Z = 79
and atomic weight 197AMU. You may assume that the gold nucleus has a
radius that is negligible.

a) Integrate dppé% to find the total change in momentum Aﬁpmton of the
proton, approximating its trajectory with a straight line trajectory at
nearly the speed of light through the fixed Coulomb field of the nucleus.
Assume that the recoil of the nucleus is negligible.

b) What is the deflection angle of the proton from this scattering process?

I1-2. A system of three distinguishable spin-1/2 particles, whose spin operators are
S1, S9 and S3, are governed by the Hamiltonian

A~ - B, - = . =
H:?;S’l'»gg‘i‘ﬁ(sl—i‘SQ)'Sg.

Find the energy levels of the system and their degeneracies.
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I1-3.

I1-4.

Two long, straight copper pipes, each of radius R, are held a distance 2d apart;
we assume that d > R. One pipe is held at potential 1 and the other at
potential —Vj. Using image charges, find the potential everywhere.

The idealized Diesel engine cycle consists of four processes. Ideal gas (air)
undergoes: (i) an isentropic compression from volume V; to volume V5, (ii) an
isobaric heating in which the volume expands to V3, (iii) an isentropic expansion
to volume Vi, and (iv) an isochoric cooling to the initial temperature. Let r. =
V,/V1 be the compression ratio, . = V3/V] be the expansion ratio, v = Cp/Cy
be the ratio of specific heats of air, and P, and V5 be the pressure and volume,
respectively, at the end of process (i).

a) Sketch the P-V diagram for this cycle.
b) Compute the work done by the ideal gas (air) in each process.

¢) Compute the amount of heat which is put in the system and the amount
that goes out.

d) Compute the efficiency of the idealized Diesel engine.

e) In what limit the efficiency of the idealized Diesel engine becomes the
ideal thermodynamic efficiency?

Your results must be written in terms of 7., r., v, P, and V5.
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I-1
Let the tilt angle and the major semi-axis be $ and a respectively. We have
h 3h
2asin 8 = 5 2acos 8 = 7tana

solved as

h 1
a=-V1+9tan’a ; B = arcsin ———
4 V1 +9tan? o

The center of the ellipse is a distance Xy = %tana to the left and at a height z = 3h/4. At that height, the radius
of the cone is Ry = %htan «. This means that at the center, the minor semi-axis b is found by

h
P+ XP=R: = b=—tana

V2

a) The ellipse is parametrized by one angle coordinate as
r=acosy ; y=bsinyp

The potential is V = mga cos psin § = %mgh cos ¢. This leads to
1 1
L=T-V = 5m [a2sin2g0+b20052 cp] P — nghcoscp

_ mh2¢2
32

From this, the Euler-Lagrange equation of motion is

d [h in’
o {2 <8tan2a+ sm2<p> gb} =gsinyp

.2
1
(8 tan® o + :;222) — ngh cos ¢

COS” «v

b) The velocities depend on the initial conditions, from the conservation of energy, we just know that

2 .2
Vlower = Uupper + gh

I-2

Since the potential is even, the eigenstates will be either even or odd. ([P,H]| = 0) The first excited state will
therefore have a single zero at x = 0. We want the energy to be negative and therefore, in the region 0 <z < a we
have

¥(x) = sinh(kx)

Then, in order to be renormalizable, the wave function should break into
Y(x > a) = sinh(ka)e e "
The change in derivative is

—2mg
72
We can find the minimum g that allows this equation to have a solution via graphical methods; but we already
know that the threshold happens when the state is ’barely bound’ and therefore we set k = 0 and read g. as

sinh(ka) = /fl Y (x)dx = Ay’ = —k [e"* sinh(ka) + cosh(ka)]

h2
- 2ma
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I-3

a)
cod
d
b) The electric field does not change so long as the charges don’t change (0/gp) and therefore the potential
doubles.

sz (1 + e*2dt/R80A)

where R is the resistance of the current (internal of the battery, wirings, etc.)

d)
oo o0 . A
W:/ RIth:/ dt R(CyV)? = 22 y2
0 0 4d 2
I-4
a)
oT 27Ty
K,(x=0,t=0) —>\£|x:0,t:0 =7
K,(x=L,t=0)=0
b) For all positive integers n > 0:
|2 . /nmx N
Qn(x) =1/ ESIH(T) i Wha(t) = exp [—a( 7 ) t}
c)
2at T 1 Amat 2mx
T(x,t) =To {exp (— 72 ) sn(f) + 5 exXP (— 2 ) s (L)}
Ir1-1
a)
oo teo Ze? b Zeb da Ze%b
AP = Fdt = ~ = ~ 2275 MeV,
/700 dt /,Oo dt dmeg r3(t)  4mege / (22 +02)3/2 2megch ev/e
b)

AP
RS |?\ ~ 2.275 x 10~ rad
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II - 2
Let us first re-write the Hamiltonian as

—A B
HA:E?[®1+Sg2—Sf—Sﬂ——§?KSy+SI+S@”—@1+Sg2—Sﬂ

_3(2A+B) A+B
- 8 2h2

B
(S1 + 82)2 — ﬁ(Sl +So + 83)2

Now we just need to know the total angular momenta numbers for (S; + Sz) and (S; + S2 + S3).

3A 1 _ 1 _

T VBg=2]9=2
A+4B 1 _ 1 _

po) 1 1®32=3l9=2
A+10B 1 _ 3 —

=1 leg=35\9=4

II1-3

These cylinders are the equipotential surfaces from linear charge distributions =\ a distance 2a apart where

N — 271'€0V0 . = /7d27R2

cosh™*(d/R)

B (e
~ 2cosh™!(d/R) & (z+a)®+y?

Leading to the potential field

I1-4
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